On the existence of balanced bipartite designs, II  by Huang, Charlotte
DISCRETE MATHEMATICS 9 (1974) 147-159. o North-Holland Publishing Company 
ON THE EXISTENCE OF BALANCED BIPARTITE DESIGNS,11 
Charlotte HUANG 
McMaster University, Hamilton, ht., Canada 
Received 3 November 1973 * 
Abstract. A block, considered as a set of elements together with its adjacency matrix M, is called 
a B-block if M is the adjacency matrix of a complete bipartite graph Kk,, k, . A balanced bipartite 
design with parameters b, u, r, k, h, kl, k2 (briefly BBD(u, k, A; kl)) is an arrangement of u ele- 
ments into b B-blocks such that every B-block contains k = kl + ki elements, every element 
occurs in exactly r B-blocks and any two distinct elements are linked in exactly h B-blocks. 
Given fixed k and kl , there is always a minimal value of h such that the necessary conditions 
for the existence of a BBD are satisfied for some IJ. It was shown in [3] that, with exactly one 
exception, these necessary conditions are sufficient when k = 3,4 and 5. It is shown here that 
the necessary conditions are also sufficient when kl = 1, k > 2 and when k = 6, with two excep- 
tions in the later case. Furthermore, several infinite families of BBD’s with kl = 2, k > 5 are 
constructed. 
1. Introduction 
In this paper, as in [3], a block B denotes a set of k = k, + k, elements, 
which are divided into two subsets B1 and B2 ; B1 with k, elements and 
B2 with k, elements. Two elements of B are said to be linked in B if and 
only if they each belong to different subsets. Assuming, without loss of 
generality, 1 5 k, 2 k,, we denote B1 = (a;, ai, . . . . ail), B2 = (a;, a$ . . . . a:$ 
and B = {B1 ; B2}. We have the following definition (cf. [3, Definition 2.11). 
Definition 1 .l . A balanced bipartite design (BBD) is an arrangement of u 
elements into b blocks such that each block contains k elements, where 
k=k,+k2 andk< u, each element occurs in exactly r blocks and any 
two distinct elements are linked in exactly X blocks. 
It was shown in [3] that the parameters are not independent; in fact, 
a BBD can be described by just four parameters u, k, X and k, . Therefore 
* Original version received 3 1 July 1973. 
148 C. Huang, Balanced bipartite designs 
such a design is denoted by BBD (v, k, A; k, ). 
The necessary conditions for the existence of a BBD(v, k, X: k, 1 are: 
(1.1) b = Xv(v - 1)/2k, k, , 
(1.2) Y = hk(v - 1)/2k, k, , 
(1.3) q = h(v - 1)/2k, , 
(1.4) r2 = h(v - 1)/2k, . 
With some parameters fixed, it will be proved by exhibiting a BBD 
with the given parameters that in some cases the necessary conditions 
are also sufficient. In most cases, the designs constructed are cyclic, 
where (cf. 13, Definition 3.11) a BBD(v, k, A; k,) is cyclic if it has an 
automorphism consisting of a single cycle of length v. 
If C is a cyclic automorphism of a design and B is a block, then the 
set of blocks G = {C’(B), i = 1, 2, . . . } is an orbit of blocks in the BBD. 
An orbit can be represented by any one of its blocks, which will be 
called a base block. A base block B is of order n if n is the smallest 
positive integer such that P(B) = B. It is easy to see that n satisfies the 
following conditions: 
(1.3 l<n<_v, n/v andifv=mn,thenmikl, m/k2 forkl$k2 
and either m ) k, or m 1 k for k, = k2 . 
If Bi = {(a;l, ai12, . . . . a,&l); (aFl, a$, . . . . a$,)} is a block, define 
AiTs =min(lail,-a$/, V- ja!r-ai2,i) forr= 1, 2, . . . . kl,s= 1, 2, . . . . k,. 
In the language of graph theory, Airs is the length of the edge joining 
ail, and afs. An integer I, where 1 5 I< [f u] , is said to occur p times in 
a base block IIj of order n if pv/n elements Ajrs in Bj have the value 1. 
Note that p is an integer except in the case where v is even and Z = $ v, 
when it is a multiple of n/v. 
A cyclic BBD(v, k, h; k,) exists if, for all ni satisfying (1.5), we can 
construct M(ni) base blocks, each of order ni such that Zi niM(ni) = b. 
Furthermore, every element of the set of edge-lengths A = { 1, 2, . . . . [$ v] } 
should occur precisely X times in the zi M(ni) base blocks except when 
v is even, in which case the element 4 v should occur only $ h times. This 
is essentially Bose’s method of symmetrically repeated differences [ 23. 
In this paper, the u elements of a BBD, unless otherwise stated, are 
(0, 1, “.) U-- l}. 
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2. Balanced bipartite designs with k, = 1, k2 > 1 
Only cases where k2 2 2 are considered since a BBD with k, = k, = 1 
always exists. The necessary conditions ( 1.1) - ( 1.4) now become: 
b = hv(v - 1)/2k,, r = Xk(v - 1)/2k, , 
r1 = h(v - 1)/2k, , r2=:X(v- 1). 
If y1 is an integer, then so are b, Y and y2. [3, Lemma 2.21 implies that 
it is sufficient to search for a minimum value of h such that y1 is integral 
for some v. Now h being minimal implies that (h, 2k,) # 1. Consider 
the value y, where 1 <_ y 5 k, and y 1 k,; let k, = xy and h a multiple of 
y, say h = zy, then y1 = z(v - 1)/2x. We have eitherz = 1 or z = 2, since 
ifz>3and(z,x)=s,thens= 1 implies that X is not minimal and s > 1 
is equivalent to the case where A is a multiple of sy. 
Let z = 1, then X = y and I-~ being integral implies that v = 1 (mod 2x); 
similarly, X = 2y and v - 1 (modx) for z = 2. 
In general, if 
G(k2) = {yi, i= 1,2, . . . . 4: 3xi with xiyi = k2} , 
then h E (vi, 2yi, i = 1, 2, . . . . 4) and v f 1 (mod 2xi) for X = yi, u - 1 
(mod xi) for h = 2yi. 
We have thus proved the necessary part of the following theorem. 
Theorem 2.1. A cyclic BBD(v, k, A; 1) exists if and only if v c 1 (mod 2xi) 
for X = pyi and v - 1 (modxi) for X = 2pyi, where p = 1,2, . . . . _Y, E G(k2) 
and xiyi = k2. 
Proof. As b = r1 v, the sufficiency will be proved for arbitrary x, y, where 
xy = k, , and a minimum h by constructing t = q base blocks B, , B,, . . . , B,, 
each of order v. Consider the following two cases: 
Case 1: vodd.Theneitherv=2xt+l,h=yor.v=xt+l,X=2ywith 
x being even. Let w = (v - 1)/2t = xv/X, then w is an integer. In the base 
block B,, let B: = {0}andB:={1,2,...,Xw},whereXw=xy=k2.The 
elements of B, are distinct since k <_ v implies that X 5 2t. Also, let c’l 
be a permutation of degree v with a l-cycle, (0), and 2w t-cycles (j, w +j, 
. ..* (t- l)w+j) for]= 1, 2, . . . . w, tw+ 1, tw+2, . . . . (t+ 1)~. Apply CY’ 
on B, t- 1 times to generate base blocks B2, B3, . . . . B,. It can easily be 
checked that each element of A = { 1,2, . . . . tw} occurs in these t base 
blocks exactly h times. Hence a cyclic BBD with the given parameters 
exists. 
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Case 2: u even. Then u = xt + 1, where x and t are both odd and h = 2y. 
Let m = $(x-l),Si={(i- l)m+p,p=1,2,...,m} andRi= 
{(t+i_l)m+t+p,p=l,2 ,... m}fori=l,2 ,..., t.ThenSjnRj=@ 
fori,j= 1, 2, . . . . t, and the set of edge-lengths is 
t (t+ u/2 
A= U SiU U {tm+j}. 
i=l j=l 
Consider base block Bi, let Bf = { 0} and 
2Y 
B? = U Fii U ’ (hi,~ ) 
j=l I=1 
where for i = 1, 
Fli = si 
R j-t 
forj= 1,2 ,..., t, 
forj= t+ 1, t+2, . . . . 2t, 
h I tm +3(t+3) -I forE= 1,2, . . . . $(t+ 1)) 
11= 1 h-n+1 forZ=i(t+3),4(t+S), _.., t. 
The elements of B1 are distinct since k 5 u implies that y < t. 
Let C1 be a permutation of degree u with two l-cycles (0) and 
(tm+i(t+ 1)) twoi(t- 1) cycles(tm+l, tm+2, . . . . tm+i(t- 1)) and 
(tm f t, tm + t- 1, . . . . tm + f (t + 3)), and also 2m t-cycles (j, m + j, . . . . 
(t- l)m+j), wherej= 1, 2, . . . . m, tm+t+l, tm+-t+2, . . . . tm+t+m. 
Let gil, where i > 1, be de.fined by: 
for i = I= 2, 3, . . . . y, 
fori=Z+l andZ= 1, 2, . . . . :(t- l), 
for i = I+ 1 and I= i(t+l), $(t+3), .“., t- 1 
otherwise. 
For i = 2, 3, . . . . t, if we let 
and 
Fij = C1 (F. .) , 
l-1,1 
wherej= 1, 2, . . . . 2y, 
hil = gil ifgil Z O”) 
Cl (h j-1,1) ifgil = O”> 
where I= 1, 2, . . . . y T 
C. Huang, Balanced bipartite designs 151 
we get all the base blocks Bj, i = 2, 3, . . . . t. It is a routine matter to check 
that these t blocks form a base of a cyclic BBD. 
3. Balanced bipartite designs with k, = 2, k, > 2 
Only cases where k, 2 3 are considered since a BBD with k, = k, = 2 
always exists (cf. [ 3, Theorem 5.16 ] ). 
Lemma 3.1. If there exists a BBD(v, k, h; 2), then 
for X = py, v - 1 (mod 4x,); 
for X = 2pyi, v z 1 (modx,), where xi is odd, yi, v are even and 
v - 1 (mod 2x,) otherwise,. 
for h = 4pyi, v - 1 (mod $ xi), where Xi z 2 (mod 4), v even, and 
v z 1 (mod xi) otherwise; xi ‘s are all the factors of kz7 yi = kz/xi 
andp = 1, 2, . . . . 
Proof. The necessary conditions ( 1.1) - ( 1.4) now become 
b = Xv(v - 1)/4k, , r = Xk(v - 1)/4k, , 
rl =A(v- l)/2k2 , r2 =fX(v- 1). 
The procedure of the proof is similar to that of Theorem 2.1; we will 
find a minimum value for X such that b, r, r1 and r2 would be integral 
for some v. Consider the value y, where 1 5 y <_ k2 and y I k2 ; let 
k2 = xy and h = zy, then z has values 1, 2 or 4. 
Let z = 1, then rl being an integer implies that v -= 1 (mod 2x) and b 
being an integer implies that v(v- 1) = 0 (mod 4x), hence v E 1 (mod 4x). 
Let z = 2, then we have v s 1 (modx) and v(v- 1) = 0 (mod 2x), hence 
v 2 1 (modx) for x odd,-.!y and v even and v 2 1 (mod 2x) otherwise. 
Forz=4,assumingthatx~(v-l)but~xI(v-l),thenbothk=xy+2 
and u must be even, which in turn implies that x = 2 (mod 4). Therefore 
u z 1 (mod 4~) for x = 2 (mod 4) and v = 1 (mod x) otherwise. 
Lemma 3.2. There exists a cyclic BBD (v, k, A; 2) for v odd and v >_ 2k - 3. 
Proof. Consider the cases where v = 1 (mod 4x), z = 1 and v f 1 (mod 2x), 
z = .2 for arbitrary x, y and minimum X. Let m = (v - 1)/x and t = 
z(v- 1)/4x, which are both integers, then b = vt, and t base blocks 
R,, B,, ..*, B,, each of order v, will be constructed. 
Let Si = {(i- 1)x +q, q = 1, 2, . . . . x}, where i = 1, 2, . . . . m, then 
Si n .Sj = 8 for i # j. Also, let B: = (0, xt } and 23: = F,,, u l&~ . . . L) Ft+Y, 
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w-here forj = 1, 2, . . . . Y, Ft+j = St+j if 1 I i L t and Ft+j = S,t+j if 
t+ 1 <is 2t. Now u2 2k-3 implies thatm 2 2y, but t=bzm, hence 
wegett+y<m.Furthermore,4t=mforz=landy<im=tfor 
z = 2, hence in either case, the y subsets Fi ‘s of B: are mutually disjoint. 
Let C1 and C2 be two permutations of degree u, each with x t-cycles 
and v - xt 1 -cycles (which are omitted), i.e. the x t-cycles of C, are 
(tx +j, (t+ 1)x +i, . ..) (2t- 1)x +ii for i = 1, 2. . . ., _Y . 
and those of C, are 
(3tx +j, (3t+ 1)x +i, . ..) (4t- l)x+j) forj = 1,2, . . . . x . 
For u = 4xt+ 1, h=y, the set of edge-lengths is A = S, U S2 u . . . U Szt. 
Applying the sum of C, and C, on B, t - 1 times, we obtain all the 
required base blocks. For u = 2x t+ 1, h = 2y, then A = S, U S2 U . . . U St 
and applying the permutation C, on B, repeatedly, we get all the t base 
blocks. 
Now consider the last case: v = x t + 1, X = 4y, where x = 0 (mod 4) 
and t is odd (otherwise u = 2xp + 1 for t = 2p, a cyclic design exists for 
such u and X = 2y as proved above). Let x = 2m and Si = {(i -- 1) m +q, 
q = 1, 2, ..‘) m} for i = 1, 2, . . . , 2, then Si n Sj = 8 for i # j and 
A = ,zi, u ST u . . . U St. Now let Bi = (0, mt} and Bf = St+, U St+2 U . . . 
” St+Zy, where 2y 2 t since 2k-3 6 U. Let C1 be a permutation of 
degree u, with m t-cycles (tm +j, (t+ 1)m +i? . . . . (2t- 1)m +i) for 
i = 1, 2, . ..) m. Applying C1 on B, repeatedly, we get all the t base blocks. 
Remark 3.3. For the case where u is even or u is odd and k <_ u < 3k -- 3, 
the existence of corresponding designs has been proved for k = 5 in [ 131 
and for k = 6 in Section 4 below. 
4. Balanced bipartite designs with k = 6 
In this section, we will prove that the necessary conditions for the 
existence of a BBD with k = 6 are also sufficient except in the following 
two cases: u = 6, k, = k, = 3, h = 3 (mod 6) and u = 10, k, = k, = 3, 
X = 1. On the other hand, we show that there exists a BBD(6,6, X; 3) 
for h - 0 (mod 6) and a BBD( 10, 6, h; 3) for every h 2 2. The following 
theorem is just a corollary of Theorem 2.1. 
Theorem 4.1. A necessary and sufficient condition for the existence of a 
BBD(v, 6, h; 1) is: 
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u - 1 (mod 10) for h - 1 or 3 or 7 or 9 (mod lo), 
u- 1 (mod5) for X = 2 or 4 or 6 or 8 (mod lo), 
v= 1 (mod2) for X = 5 (mod 10) 
V26 for X s 0 (mod 10). 
Theorem 4.2. A necessary and sufficient condition for the existence of 
a BBD(v, 6, h; 2) is: 
v= 1 (mod 16) forh- 1 (mod2), 
v= 1 (mod@ for h s 2 or 6 (mod 8). 
vr 1 (mod4) for h = 4 (mod 8) 
1126 for h = 0 (mod 8). 
Proof. The necessity, along with the existence of designs with v odd and 
v 2 2k- 3, was proved in Section 3. As for the case where u is odd and 
k <_ v < 2k-3, i.e. v = 7, the following three base blocks show that a 
cyclic BBD(7,6,8; 2) exists: 
B, = NO, 1);(2,3,5,6)] > 
B, = HO, 2); (3,4,% 6)) > 
B, = W, 3); (1, 2,496)) . 
Consider the case where v = 0 (mod 2), v > 6 and X = 8. Let v = 2t, 
where t> 3, thenb =i v(v- 1) = v(t - 1) + t. We will construct one 
base block D of order 3 v and t - 1 base blocks B 1, B2, . . . , B, _ 1 , each 
of order v. Let D = ((0, t); (1, t- 1, t+ 1, 2t- I)}, then the elements 1 
and t-l ofA = {1,2, . . . . t } occur twice each in D. Define the remain- 
ing base blocks as follows: 
B, = ((0, 1); (2,3,2t-2, 2t- 1)) 3 
B, = {(0,2);(1, t, t+ 1, t+2)) , 
Bj = {(O,l);(i-l,i+1,2t-i, 2t-i+2)} fori=3,4,..., t-l 
It is easy to check that each element of A except 1, t - 1 and t occur 8 
times in the t- 1 base blocks, whereas elements 1 and t - 1 each OCCUI 
only 6 times, and t occurs 4 times. Hence a cyclic design with v even 
exists. 
Remark 4.3. In view of [3, Lemma 2.21, we have only to construct a 
design with minimum X. 
Now consider the case where k, = k2 = 3; r1 and y2 are redundant, 
and (l.l), (1.2) become b = $j Av(v- I), y = $h(u- 1). Consequently, we 
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have the following necessary conditions: 
(4.1) U= 1 (mod9) for X - 1 or 2 (mod 3) , 
(4.2) u= 0, 1 (mod3) for h = 3 or 6 (mod 9) , 
(4.3) v2 6 for X = 0 (mod 9) . 
Lemma 4.4. There exists a BBD(u, 6, 1; 3) if and only if u = 1 (mod 9) 
andu> 10. 
Proof. [ 3, Lemma 3.21 implies that a cyclic BBD(v, 6,l; 3) exists for 
u = 1 (mod 18). A BBD(u, 6, 1; 3) also exists for u = 10 (mod 18) and 
u 2 28 (cf. [ 1] ). 
If we assume that BBD (10,6, 1; 3) exists, then without loss of gener- 
ality, let B, = {(O,a, b); (1,2,3)}, B2 = ((0, c, d); (4,5,6)} and B, = 
((0, e, f); (7, 8, 9)}, where a, b E Bi U Bz. If a and b belong to differ- 
ent subsets, then {c, d} C I?: and {e, f} C.Bi, which imply that both c 
and d are linked to each of e, f twice, a contradiction since X = 1. Now 
if a and b belong to the same subset, say a = 4, b = 5, then elements 4 
and 5 are linked to 6 common elements in B, and B, ; but Y = 3 implies 
that elements 4 and 5 must be linked to 2 other common elements and 
each other in one block, which is impossible. Hence the proof of the 
theorem is complete. 
Lemma 4.5. A cyclic BBD( 10,6, X; 3) exists for h > 2. 
Proof. For X = 2, b = 10, let B be a base block of order 10, where B = 
((0, 1,2); (3,6,9)}. For X = 3, b = 15, let D be a base block of order 5, 
where D = ((0, 1,3); (5,6,8)}, and B, be a base block of order 10, 
where B, = {(0,2,5); (3,4,9)}. It is easily seen that B, and D with B, , 
form a base of a cyclic BBD (10,6, h; 3) with h = 2 and 3, respectively. 
Our lemma now follows easily from [ 3, Lemma 2.21. 
Lemma 4.6. A cyclic BBD(u, 6,3; 3) exists for u - 1 (mod 3). 
Proof. Let u = 3 t + 1, then u 2 k implies that t 2 2. Assuming that u is 
odd, let t = 2m, we get u = 6m + 1 and b = mu. Consider the following 
m base blocks: 
Bj = ((0, 1,2); (3i, 3i+3, u-3i+ 2)) , 
B i+l = {(0,1,2);(3i,3i+3,u-3i-I)}, 
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whereiisodd, l<i<p,p=m-lifmisevenandp=m-4ifmisodd, 
m 2 5. In the latter case, the remaining 3 base blocks are 
B m-2 =B m_l = B, = ((0, 1,2); (3~7 -6, 3m -3, 3vrz )> . 
Form = 1, let the base block be ((0, 1,3); (2,4-S)} and for m = 3. let 
the 3 base blocks be the same as the 3 remaining base blocks in the 
general case above. 
Ifuiseven,lets=i(t-l),thens> 1 andu=6s+4.b=su+$u.The 
case s = 1 was proved in Lemma 4.5, hence lets 2 2. Let D be the base 
block of order 3 u, D = {(0,2,3s +3); (3s + 2. 3s + 4, 1)) and the s base 
blocks, each of order u be 
Bi = ((0, 1,2); (3i, 3i+ 1, u - 3i+ 1)) for i = 1 , 2. -- . . . . s 2 , 
B S_l= {(0,1,2);(3s-3,3s-2,3s+l)}, 
B, = {(0,2,3);(3s- 1, 3s+ 1, u---3s+2)} . 
Lemma 4.7. A BBD(6,6, X; 3) exists if and only if X - 0 (mod 6). 
Proof. (4.2) and (4.3) state that a BBD (6,6, X; 3) exists only if h - 0 
(mod 3). Let X = 6s + 3, then b = 1 OS + 5 = Y. Assume that a design with 
these parameters exists, then consider three arbitrary elements x. y and 
Z. Let Bi = {Bi ; Bf }, i = 1, 2, . . . . X, be the base blocks in which x E Bi 
and y E BF, p(q) be the number of these base blocks in which z E B! 
(z E BF), then p +q = X. Without loss of generality, let x, y E B/ for 
j = x+ 1, h+ 2, . ..) b, and u(w) be the number of these blocks in which 
z E B/ (z E Bf ), then u + w = 4s + 2. Since both x and y must be linked 
to z in X blocks, we get p + w = q + w = X, which implies that p = q = $ h, 
a contradiction. Hence a BBD(6,6, X; 3) does not exist for h - 3 (mod 6); 
however, a cyclic design with these parameters exists for h = 0 (mod 6). 
For example, let X = 6, then b = Y = 10. Let E be a base block of order 1, 
where E = ((0,2,4); ( 1,3,5)}, D be a base block of order 3, where 
D = ((0, 1,2); (3,4,5)}, and B be a base block of order 6, where B = 
((0, 1,3); (2,4,5)}. Hence we have a cyclic BBD(6,6,6; 3). 
Lemma 4.8. A cyclic BBD (u, 6,3; 3) exists for u - 0 (mod 3), u 2 9. 
Proof. Let u = 3t, assuming first that u is odd, then t is odd and 
b =$u(t-1)+ t. W e will construct a base block E of order t, and 4 (t -- 1) 
base blocks Bi, i = 1, 2, . . . . i (t- l), each of order u. Let E = ((0, t, 2t); 
(i(t-- l), +(3t- l), 4(5t- l))} and $(t-3) = 32+x for z 2 0 and x = 0, 
1 or 2. We have the following three cases for z = 1: 
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(a) x = 0, then t = 9 and 
B, = HO, 1,2);(3,12,17)L 
B, = NO, 132); (3, 14> 26K 
R, = HO, 132); (6,8,23& 
B, = ((0, 1,2); (9,11,m; 
(b)x= 1, thent= 11 and 
B, = HO, 192); (3,13,22)L 
~~ = ((0, 1,2); (3, 15,32)1, 
B, = HO, 132); (699, 1611, 
~~ = 1(0,2,3); (7,17,29)1, 
B, = NO, 1,2); (10, 12,25)); 
(c) x = 2, then t = 13 and 
B1 = NO, 1,2);(3,16,25)L 
B2 = HO, 122); (3,187 38)L 
B, = NO, 2,3); (7,10,30)1, 
B4 =B, = NO, G'M, 10,19)1, 
B, = ((0, 1,2); (13, 15,28)}. 
For z _> 2, let 
Bj = ((0, 1,2); (3j, 3j+3, U-3j+2)L 
B i+l = HO, L2); (3j, 3j+3, u-3j - l)), 
wherejisodd, l<j<_z-lifzisevenand l<j<z-4ifzisoddJn 
which case we have three more base blocks 
B z-2 = B,_, = B, = ((0, 1,2); (3z-6,3z-3, 32)). 
The rest of the base blocks are as follows: 
(a’)x=O,thent=6z+3andforZ=1,2,...,$, 
B z+l= {(0,1,2);($(t-3)+3Z,~(~+l)+3Z,u-$(t-7)-32)}; 
(b’)x= l,thent=6z+5and 
B z+1= ((0, La;(t(t+l), ?i(t+7),4(3t-I))), 
B z+2= {(0,2,3);(t(t+3),~(3t+i),~-~(t-3))}, 
and for I = 1, 2, . . . . $(t--5), 
B z+2+1 = ((0, 1,2);(f(t+3)+3Z,~(t+7)+3Z,u-~(t-l)-3Z)}; 
(c’) x = 2, then t = 62 + 7 and 
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B z+l = {(0,2,3);(+(t+ l)&t+7), d(t+W), 
B z+2 = 4+3 = {(O, L2); (3(t- I), 3(t+7), 4(3t- l))), 
and for 2 = 1, 2, . . ., 5 (t - ‘7), 
B z+3+1 = {(0,1,2);($(t+7)+31, $(t+ll)+31, u-$(t+3)--31)). 
For z = 0, the i (t- 1) base blocks are given in (a’), (b’) and (c’). 
Nowletubeeven,thentisevenaswellandt>4,b=u(~t-1)+Jiu+fu. 
LetEbeabaseblockoforder$u,whereE= {(O,t,2t);(l,t+1,2t+l)}, 
D be a base block of order 4 u, where D = ((0, 4 (3t) + 2, $ (3t) + 3): 
(i (3t), 2, 3)) and the 4 t- 1 base blocks, each of order u be: 
Bi = ((0, 1,2); (3iy 3i+3, U-3i+ 2)) for i = 1. 2, ._., !A, 
BCt/2j_j= ((0, 1,2);(;t--3j+l, St-3j+2, u++3j)} 
for-j = 1,2, . ..) w, 
where u and w vary according to the value of t? i.e. 
(a) t - 0 (mod 6) then u = f t - 2, w = it - 1, and the remaining two 
base blocks are 
B(t/3j_l = HO, L2); (t-3, t, t+2)1, 
B t/3 = {(0,2,3);(t-2, t, u--t+ w; 
(b) t = 2 (mod 6), then u = $ (t - S), w = i (t - 8), and the remaining 
three base blocks are 
B(f-5J/3 = {(0,1,2);(+5~-3,t-2)It, 
B(t_2)/3 = ((0, 1,2); (t, f + 3, U - t - 1))) 
B (t + I)/3 = {(0,2,3); (t - 4, t, t + 2)) ; 
(c) t = 4 (mod 6), then u = f (t - 4) w = 2 (t - 4) and the remaining 
base block is 
4-I),‘3 = w, 1, 3); (t, t + 1) u - t + 3)}. 
Lemma 4.9. A cyclic BBD(u, 6,9; 3) exists for u - 2 (mod 3) v 2 8. 
Proof. Assume that u is odd and let s = 3 (u - l), then s = 2 (mod 3) 
s 2 5 and b = us. Let the s base blocks, each of order u, be: 
158 C. Huang, Balanced bipartite designs 
Bl =B2 = NO, 1,2); (3,4, m 
~~ = m 1~3); (2,4,5)1, 
B4 = NO, 173); (2,4,6)L 
B, = HO, 2,3); (475, @I> 
andforirO(mod3),6<i<s-2, 
Bi = Bi+l = ((0, 1,2); (i+ 1, i+3, v-i- l)}, 
B i+2 = ((0, 1,2); (i+ 1, i+2, v-i+ I)} . 
Consider the case where v is even. Let v = 6t + 2, where t 2 1, then 
b = 3tv +f v. Let the base block of order 4 v be D = {(0,3,6); (3t + 1, 
3t +4,3t+ 7)) (mod v) and the3t base blocks, each of order v be as 
follows: 
(a)fort= 1, 
B, = HO, 172); (3,5,7)1, 
B2 = HO, 133); (2,5,6)1, 
B, = NO, 133); (2,6,7)); 
(b) for t 2 2, 
Bi = Bi+l = Bi+z = ((0, 1,2); (i+2, i+5, v-i)}, 
Be z+3 = Bi+4 = Bi+5 = {(0,1,2);(i+2,i+5,v-i-3)}, 
where i E 1 (mod 6), 1 i i <_ p and p has values according to whether t 
is even or odd. If t is even, then p = 3t - 11 and the remaining 6 base 
blocks are: 
B3t-5 = B3t-4 =B3t-3 = {(0,1,2);(3t-3,3t+1,v-3t+5)}, 
B3t-2 = B3t-1 = ((0, 1,2); (3~3,3t, v-3t+2)), 
BSf = {(0,1,2);(3&2,3t, v-3t+2)}; 
if t is odd, then p = 3t - 14 and the remaining 9 base blocks are: 
B+g =B3t-7 =B3t-6 =B3t_5 = ((0, 1,2); (3~6, 3~3, v-3t+8) j, 
B3t-4 =B3*-3 =B3t-2 = {(O, 1,2); (3t-3,3t, 3t+ l)}, 
B3t-1 = NO, 1,2); (3t- 6,3t-3,3t)L 
B,, = ((0, 1,2); (3t-2, 3t, v-3t+2)). 
From Lemmas 4.4-4.9, we obtain: 
Theorem 4.10. A necessary and sufficient condition for the existence of 
a BBD(v, 6, A; 3) is: 
v= 1 (mod9), vf 10 forh= 1, 
v= 1 (mod9) forhr 1 or2(mod3), h# 1, 
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U= Oor 1 (mod3), u#66orX= 3 or 15 (mod 18), 
U= Oor 1 (mod3) for X- 6 or 12 (mod 18), 
v>6 jbr X = 9 (mod 18), 
1126 for h - 0 (mod 18). 
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